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A new MAPLE Package suitable for solving the basic problems of life insurance math-
ematics is presented. Especially in the case of a complicated combinatorial structure of
the problem the package is very e–cient. Furthermore it can be valuable in teaching and
training to make actuarial concepts more transparent.
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1. Introduction
While many numerical programs exist to compute insurance contracts, no symbolic soft-
ware has previously been available. The value of symbolic computation lies mainly in the
analysis of complex problems (such as the insurance of several lives in chapter 2) in the
fleld of teaching and training and in the development of new types of insurance.
Let us start with some basic facts of life insurance mathematics. We will use the
standard deterministic model based on a life table. The table starts with l0, say l0 =
100; 000 newborns. After 1 year l1 persons are still alive, after 2 years l2 persons are alive
etc. Thus the table lx contains the numbers of persons of the age x (in years). From
this table the following probabilities can easily be deduced (see Bowers et al., 1986 and
Jordan, 1967).
(i) The probability of an x year old person to survive t further years is given by
tpx =
lx+t
lx
= tp (t; x). For t = 1 we omit the leading index and write px = 1px =
lx+1
lx
= p (t; x).
(ii) The probability of an x year old person to die in the next t years is tqx = 1¡ tpx =
tq (x). For t = 1 we omit the leading index and write qx = 1qx = 1¡ px = q (x).
(iii) The probability of an x year old person to survive t further years and to die in the
(t+ 1)-th year is tjqx =
lx+t¡lx+t+1
lx
= tIq (t; x).
We remark here that a probabilistic approach to life insurance can be found in Bowers
et al. (1986). As a typical example for explaining the procedure how to develop formulas
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in life insurance we consider an insurance contract where the company has to pay a flxed
amount of 1 if an x year old person dies. The time of payment is at the end of the year
in which death happens. As usual, let v denote the interest discount factor. If an x year
old person dies in the t-th year after signing the insurance contract the present value of
the contract is vt.
Employing the probabilities kjqx, k ‚ 0, the expectation of the present value of this
simple whole life insurance is
Ax = 0jqxv + 1jqxv2 + ¢ ¢ ¢+ t¡1jqxvt + ¢ ¢ ¢ : (1.1)
In the following we use this example to describe the MAPLE-package MAPinsure. For a
description of MAPLE see Heck (1992) or Ko°er (1994). The package is loaded by
> read‘MAPinsure‘;
We use the so-called commutation functions such as D(x) and M(x) in the deflnition of
our functions. The deflnition of the commutation functions can be found in any textbook
on insurance mathematics such as Bowers et al. (1986) and Jordan (1967). Most of the
formulas in classical life insurance can be expressed in terms of these commutation func-
tions. Also most actuaries will be more familiar with expressions using the commutation
functions than with the probabilistic formulations of these expressions. Hence we use the
commutation functions as the basis for our calculations, e.g. MAPinsure deflnes A(x) by
A (x):=M (x)/D (x). This produces
> A_(x);
Pw¡x
t=0 (L (x+ t)¡ L (x+ t+ 1))vx+t+1
L (x)vx
: (1.2)
Note 1: The MAPinsure version of l(x) is L (x). By deflning L (x) in the appropriate
way it is easy to use the formulas in a speciflc context e.g. by assigning L (x):=L a
pre-deflned lifetable is used that is based on the total population of the USA (1979{81).
We took the data from Bowers et al. (1986). The assignment must be performed after a
symbolic result is computed.
To remove the redundancy introduced by the commutation functions we use the com-
mand SimplifySum(expression). We set expression to formula (1.2) to get (1.1).
> SimplifySum(");
w¡xX
t=0
(L (x+ t)¡ L (x+ t+ 1))vt+1
L (x)
:
2. Insurances of Several Lives
Based on the MAPLE-implementation of insurances of single lives, we can calculate
insurances of several lives. For this purpose we consider m persons aged z1; z2; : : : ; zm at
the beginning of the insurance contract. We assume that the lifetimes of the m persons
are independent of each other. We distinguish the following states:
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(i) A state where all persons are still living.
(ii) A state where at least one of the m persons is still living.
(iii) The general symmetric case where at least n of the m persons are still alive.
By choosing n in the appropriate way, the flrst two states are special cases of the third
case.
Note 2: In the previous section we have introduced p which denotes the probability of
survival, q, the probability of death and A, the expected present value of a whole life
insurance. The index to these symbols denotes the state we are interested in (e.g. the
index z1 : z2 denotes the state in which 2 persons are alive). Then pz1:z2 denotes the
probability to stay in this state this year, qz1:z2 denotes the probability to leave this state
this year and Az1:z2 denotes the expected present value of an insurance that pays the
amount of 1 at the time this state is left. For a more detailed description we refer to
Bowers et al. (1986).
2.1. the state where all persons are still alive
The probability that this state will expire in the (t+ 1)-th year is
tjqz1:z2:::::zm =
lz1+tlz2+t ¢ ¢ ¢ lzm+t ¡ lz1+t+1lz2+t+1 ¢ ¢ ¢ lzm+t+1
lz1 lz2 ¢ ¢ ¢ lzm
; (2.1)
where lz1 lz2 ¢ ¢ ¢ lzm is the number of m-tuples of persons alive at the beginning of the con-
tract. For the calculation of (2.1) and of other formulas corresponding to the state where
m persons are still living, the package provides the command AllLive(expression,m).
The argument expression denotes either a probability or an expected value. The com-
mand works for expressions involving sums, products, L (x), and MAPinsure commands.
Example:
We compute the quantity (2.1) for m = 2 by
> AllLive(tIq_(t,x),2);
L 1(z1 + t)L 2(z2 + t)¡ L 1(z1 + t+ 1)L 2(z2 + t+ 1)
L 1(z1)L 2(z2)
:
Note 3: We do not use the same life table L for all lives. We consider the person i
aged zi to belong to the group i that is represented by the life table L i. This allows the
user to specify which life table to use for each person (see Note 1). To simplify matters
we omit the life table index in 2.1 because it is clear by the index i to the age zi.
Example:
Suppose we want to compute the expected present value of an insurance for a married
couple. When one dies, the insurance pays the flxed amount of 1 at the end of the year
where death occurs. This type of insurance would be computed for one person by A (x).
For two lives we compute this insurance by
> AllLive(SimplifySum(A_(x)),2);
¡Pw¡max(z1;z2)
t=0 (L 1(z1 + t)L 2(z2 + t)¡ L 1(z1 + t+ 1)L 2(z2 + t+ 1))v(t+1)
¢
(L 1(z1)L 2(z2))
:
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Table 1. Time to compute qz1:::::zm for difierent m
m 6 8 10 12
cpu-time [sec] 1.5 3.5 12.6 65.6
2.2. the state where at least one person is still alive
The probability that this state expires within the flrst t years is denoted by tqz1:z2:::::zm .
For m = 2 we get
tqz1:z2 = tqz1 ¢ tqz2 = (1¡ tpz1) ¢ (1¡ tpz2) = tqz1 + tqz2 ¡ tqz1:z2 : (2.2)
Generally, the corresponding probabilities and expected values can be computed in the
following way: Let Btk represent an event for the k-th person dependent upon a parameter
t. Here we set Btk to be the event that the k-th person is alive at time t. Then we have
for the probability tpz1:z2:::::zm :
P (Bt1 [Bt2 [ ¢ ¢ ¢ [Btm) = 1¡ (1¡ tpz1)(1¡ tpz2) ¢ ¢ ¢ (1¡ tpzm):
To obtain the probability above, we apply the inclusion{exclusion principle. Thus we
obtain
P (Bt1 [Bt2 [ ¢ ¢ ¢ [Btm) = St1 ¡ St2 + ¢ ¢ ¢+ (¡1)m¡1Stm;
where
Stk =
X
(mk )
P (Btj1 \Btj2 \ ¢ ¢ ¢ \Btjk) =
X
(mk )
(tpzj1 )(tpzj2 ) ¢ ¢ ¢ (tpzjk ): (2.3)
The summation in formula (2.3) consists of all possible combinations to choose k from m
persons. Thus Stk is the sum of the probabilities that the persons j1; j2; : : : ; jk will sur-
vive t years. MAPinsure provides the command SumComb(e; k;m) to compute Sek for a
given expression e. This command uses AllLive to compute the terms in (2.3). The com-
mand SumComb is used in the implementation of the command OneLives(e;m), which
computes a probability or a present value corresponding to this state based on a given
formula e for simple life insurance. The main advantage of this appoach is the °exibility
to work with any given expression e. The main disadvantage lies in the time-complexity
of the approach. We have evaluated qz1:::::zm for zi = i and 30 digits accuracy for difierent
m on a DEC Alpha 3000-900. The cpu-time is shown in Table 1. Obviously the same
results would have been computed far more e–ciently by qz1:::::zm = qz1 ¢ ¢ ¢ qzm , but we
believe that this deflciency is a fairly minor one as problems with m > 12 will be rare.
Example:
To compute (2.2) for two persons we write:
> OneLives(tq_(t,x),2);
which produces:
1¡ L 1(z1 + t)
L 1(z1)
¡ L 2(z2 + t)
L 2(z2)
+
L 1(z1 + t)L 2(z2 + t)
L 1(z1)L 2(z2)
:
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2.3. the general symmetric state
This state is valid as long as at least k of the m persons are alive, 1 • k • m. To
calculate the t-year probability of survival tp kz1:z2:::::zm we employ the formula of Schuette-
Nesbitt: This is a basic combinatorial tool which can be proved by the difierence operator
calculus (see Buchta, 1995 and Gerber, 1986).
Theorem (Schuette{Nesbitt)
Let Bt1; B
t
2; : : : ; B
t
m be m events dependent upon a parameter t and let N denote the
number of events that occur. Then for arbitrary coe–cients c0; c1; : : : ; cm the following
equation holds:
mX
n=0
cnP (N = n) =
mX
n=0
¢nc0Stn; (2.4)
where
St0 = 1; S
t
n =
X
(mn)
P (Btj1 \Btj2 \ ¢ ¢ ¢ \Btjn) and ¢cj = cj+1 ¡ cj :
Let tp
[k]
z1:z2:::::zm
denote the probability that at time t exactly k persons are alive. Fur-
thermore, let Btj be the event that at time t the person j is alive. Thus, as a result of (2.4)
we obtain the equation
mX
k=0
cktp
[k]
z1:z2:::::zm
=
mX
k=0
¢kc0Stk: (2.5)
The probability that at least k persons are alive can be computed by the probabilities
that exactly i persons are alive for i = k; : : : ;m,
tp
k
z1:z2:::::zm = tp
[k]
z1:z2:::::zm
+ tp
[k+1]
z1:z2:::::zm
+ ¢ ¢ ¢+ tp [m]z1:z2:::::zm : (2.6)
We assign cj = 0 for j < k and cj = 1 for j ‚ k and use this deflnition together with (2.5)
to obtain tp
[k]
z1:z2:::::zm
. MAPinsure now allows us to obtain the coe–cients ¢kc0 using the
command DiffSchema(c), where c is the vector (cj).
Example:
We want to compute the value of tp 2z1:z2:z3 by (2.6) using the right-hand side of (2.6):
> DiffSchema([0,0,1,1]);
[0; 0; 1;¡2]:
The result tells us that tp 2z1:z2:z3 = S
t
2 ¡ 2St3. Another way to obtain this result is using
the left-hand side of (2.6):
> DiffSchema([0,1,0]);
[0; 1;¡2]:
Here the leading 0 is omitted because a minimum of 0 persons will always be alive. The
values of Stj are obtained by the command SumComb:
        
232 D. Aschenwald et al.
> S_2:=SumComb(tp_(t,x),2,3);
> S_3:=SumComb(tp_(t,x),3,3);
> sol:=S_2-2*S_3;
Example:
An insurance contract should be computed for four persons. The insurance will pay an
amount of 1 if either exactly three or four persons die in the flrst year. If we want to
know the value of this insurance contract, we have to calculate:
B = q 2z1:::::z4v;
where q 2z1:::::z4 denotes the probability of leaving the state in which at least two of the
four people are alive. We compute B by the command SomeLive(c,expression,switch),
where c is the payment vector and expression is a probability or expected value. The
parameter switch can take two values. The value exact means that coe–cients for exact
states (e.g. q [2]z1:::::z4) are used for c, the value min means that coe–cients for minimal
states (e.g. q 2z1:::::z4) are used for c. We select the payment vector c by setting cj equal to
the payment associated with the state that at least j people are alive.
> SomeLive([0,1,0,0],q_(x)*v,min)
We omit the result of this command due to excessive length. Note that if we set the
switch to exact the correct vector c is [0; 1; 1; 1] (see (2.6)).
3. Advanced Examples
Example 3.1:
Now we turn to a whole life insurance for three persons of ages z1; z2; z3. The insurance
will pay an amount of 2 upon the flrst death, an amount of 5 upon the second death and
an amount of 10 at the time of the last death. The time of payment is at the end of the
year in which death happens. Then the value of this contract is
B = 2A 3z1:z2:z3 + 5A
2
z1:z2:z3 + 10A
1
z1:z2:z3 :
The value of B is composed of three parts. The flrst part corresponds to the state that at
least three of three persons are alive. If this state is no longer intact the insurance pays
an amount of 2. The second part corresponds to the state that at least two of the three
persons are alive and the last part corresponds to the state that at least one person is
still alive. To compute the value of B we use the commands DiffSchema and SumComb to
show the inner working of the routine SomeLive which could alternatively be used. We
set cj equal to the payment associated with the state that at least j people are alive.
> c := [10,5,2];
Now we compute our ¢kck by the command DiffSchema.
> DiffSchema(c);
[10;¡5; 2]:
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This tells us that we want to compute
B = 10SA1 ¡ 5SA2 + 2SA3 ;
which we will do by using the command SumComb:
> A := SimplifySum(A_(x));
> S_1 := SumComb(A,1,3);
> S_2 := SumComb(A,2,3);
> S_3 := SumComb(A,3,3);
> Solution := 10*S_1-5*S_2+2*S_3;
Example 3.2:
We might be interested in the efiect of changes of the internal interest rate on the expected
present value of a proposed insurance contract. To make the computations fast, set lx to
> L:=x->1-exp(0.01*(x-w)*Heaviside(w-x));
with w:=110. This is unrealistic, but this choice is convenient and fast. Let our insurance
contract be of the following type. The parents of three children want a payment of 1
if at least one child survives the death of the parents. The time of payment is at the
end of the year in which the last parent dies. We assume that the parents are aged 40
and 45 respectively and the children are aged 12, 14 and 16 respectively. To compute
the expected present value of this insurance we make use of the commands described in
Section 2. We deflne a as the probability that the last parent dies exactly in the year t,
and b as the probability that at least one child is still alive in year t. The product of a
and b gives the probability that the payment has to be made in the year t.
> a:=unapply(OneLives(tIq_(t,x),2),t,z1,z2);
> b:=unapply(1-OneLives(tq_(t,x),3),t,z1,z2,z3);
> result:=Sum(a(t,z1,z2)*b(t,z3,z4,z5)*v^t,t=0..min(z1,z2));
> solution:=subs(L_1=L,L_2=L,L_3=L,L_4=L,L_5=L,result);
> F:=unapply(solution,z1,z2,z3,z4,z5,v);
Now we are interested in the efiect of changing the interest rate i. As v = 11+i we visualize
the value of the contract by
> plot(F(40,45,12,14,16,1/(1+i)),i=0.02..0.07);
and get Figure 1. Various other examples and a more detailed description of MAPinsure
can be found in Aschenwald (1994). The package is available from the second author.
4. Conclusion
While many specialized software packages exist which deal with the problems in life
insurance, these implementations work on the low end of actuarial mathematics. With
today’s high-speed computers °exibility is more important than speed of execution. We
have decided to implement this package in MAPLE due to the following reasons:
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Figure 1. Efiect of changes of the interest rate i on the contract
(i) MAPLE ofiers general solutions. MAPinsure makes it possible to plug many modules
together: e.g. The OneLives command will process an expression that is provided
by the user. The result can be processed by the plot command to produce Figure 1.
(ii) MAPLE is user-friendly. Once the basics of MAPLE are understood it is easy to
use the program and to extend it to more general problems or to use modules of
MAPinsure for special problems.
(iii) Due to the special academic pricing of MAPLE this package is widely available and
will be known to many actuaries.
(iv) In teaching a basic course in life insurance mathematics we have found that most
students feel uncomfortable with expressions like tp
[k]
z1:::::zm
. MAPinsure ofiers a
learning environment with less complexity but the same functionality.
(v) MAPLE is interactive. Manipulation of formulas is easy and new ideas can be
formed and tested.
(vi) The complex combinatorial structure of the life-insurance of several lives can be
made more transparent.
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